Abstract. Using the "simplest cubic fields" of D. Shanks, we give a modified proof and an extension of a result of Uchida, showing how to obtain cyclic cubic fields with class number divisible by n, for any n. Using 2-descents on elliptic curves, we obtain precise information on the 2-Sylow subgroups of the class groups of these fields. A theorem of H. Heilbronn associates a set of quartic fields to the class group. We show how to obtain these fields via these elliptic curves.
In [10] , D. Shanks discussed a family of cyclic cubic fields and showed that they could be regarded as the cubic analogues of the real quadratic fields Q(\a2 + 4). These fields had previously appeared in the work of H. Cohn [4] , who used them to produce cubic fields of even class number. Later, they appeared in the work of K. Uchida [12] , who showed that for each n there are infinitely many cubic fields with class number divisible by n.
In the following we first give another proof of Uchida's result and extend the techniques to handle some new cases. In the second part of the paper we study the relationship between elliptic curves and the 2-part of the class group, interpreting and extending the work of Cohn.
1. The Simplest Cubic Fields. Let m > 0 be an integer such that m & 3 mod 9. Let K be the cubic field defined by the irreducible (over Q) polynomial f(X) = X3 A mX2 -(mA 3)X + 1.
The discriminant of f(X) is D2 = (m2 + 3m + 9)2 (note that m # 3 mod9 implies D # 0 mod27). Let p be the negative root of f(X). Then p' = 1/(1 -p) and p" = 1 -1/p are the other two roots, so K = Q(p) is a cyclic cubic field. Note that p, p', p" are units; in fact, p, p' are independent, hence generate a subgroup of finite index in the full group of units of K. Since -m-2 < p < -m -1 < 0 < p' < 1 < p" < 2, it follows easily that all 8 combinations of signs may be obtained from units and their conjugates; hence, every totally positive unit is a square and the narrow and wide class numbers are equal. Corollary.
If m2 A 3m A 9 is square-free, then {1, p, p2} forms an integral basis for K and { -1, p, p'} generates the full group of units of K.
Proof. The first part is immediate. The second follows, for example, from estimates on the regulator of a cyclic cubic field [5] .
2. Divisibility of Class Numbers. In this section we prove a result of Uchida which yields, for any n, cubic fields with class number divisible by n. Proposition 2. Let n ^ 2 be an integer. Let x, y e Q, and suppose y" = x3 + mx2 -(m + 3)x + 1.
If D is not cube-free, we also assume that the g.c.d. of the numerator of x2 -x + 1, the numerator of y, and c (defined above) is 1. If n # 0 mod 3 or if x e Z, then the principal ideal (x -p) is the nth power of an ideal of K. If x £ Z and n = 0 mod 3, it is the (n/3)rd power of an ideal.
Proof. Let p be a prime ideal of K. If p" is the exact power of p in the denominator of x -p, then p3a is the exact power of p in the denominator of y". Therefore n divides 3a. This takes care of the denominator. Now assume p", with a > 0, is the exact power of p dividing x -p. Let p be the rational prime below p. If p is ramified, then p equals its Galois conjugates, so p" is the exact power of to dividing each of x -p' and x -p". Therefore %s3a = p" exactly divides y" = (x -p)(x -p')(x -p"), so n divides a. Now suppose p is unramified. If £ does not divide (x -p')(x -p"), then p" exactly divides y", so n divides a. So suppose t> divides x -p' or x -p". Then t> divides p -p' or p -p", hence p divides D. If D is cube-free, this implies that p ramifies, so we are done. In any case, from the fact that p' = 1/(1 -p) and p" = 1 -1/p we find that x = 1/(1 -x) or 1 -l/xmodp.
Therefore x2 -x + 1 = 0 mod p. Since p\x -p implies p\y, the License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use numerators of x2 -x + 1 and y have a common factor. This contradicts our assumption and completes the proof. In order to obtain results on class numbers, we need conditions which will ensure that (x -p) is not, for example, the nth power of a principal ideal. The most effective way seems to be to consider the various values of x separately. The case x = -1 corresponds to the result of Uchida.
Proposition
3. Suppose (-1, y) satisfies the conditions of Proposition 2 (so y" = 2m + 3) and m # 0 mod 3. Assume that for each prime factor I of n there exist corresponding prime factors p and q of y such that 2 is an Ith power nonresidue modulo both p and q and such that 3 is an Ith power residue mod p and an Ith power nonresidue mod q. Then the ideal ( -1 -p) is the nth power of an ideal I whose ideal class has order n.
Proof. Any p\y divides y" = (-1 -p)(-l -p')(-l -p")\ since the three factors are conjugate, we may choose a prime p above p such that p = -1 mod p. Then p' = 1/2 and p" = 2 mod p. Since -1 # 2 mod p, it follows that p splits in K.
If m2 A 3m A 9 is square-free, then we know from above that the group E' generated by { -1, p, p'} is the full group E of units, but in general this is not the case. Let / be a prime dividing n and suppose / divides [E:E'\ Then there is a unit e such that e1 = ±p"(p')h with a, b e Z not divisible by /. First suppose / is odd, so we may ignore the possible negative sign. We then have e1 = (-l)a2"6 mod p. Since 2 is an Ith power nonresidue modp, we must have b = 0modl. In addition, («')' = (p')"(p")b, so (e')! = 2fc-amod p. Hence b -a = Omod/, so a = Omod/. It follows that [E: E'] is prime to /. Now let / = 2, so e2 = Apa(p')h. The left side is totally positive, hence a and b must both be even and the positive sign must be used. Therefore 2 does not divide [£:£"]. We have shown that [E: E'] is prime to n. Now suppose ( -1 -p) = (a)1 for some a and for some prime / dividing n. Then
for some unit e. The above implies that we may write -l-p= ±p"(p')ha'x for some a, b, and ax. Therefore -i-p>=±yy(p»)b{a>)>, so _|= ±2fc"a(a;)'modp.
This congruence also holds modq, where q is the prime above q with p= -1 mod q. We first treat the case where / is odd. The negative signs may be ignored, so we find that b -a A 1 = Omod/ since 3 is an Ith power residue modp, but b -a A 1 ^ 0 mod / since 3 is not an /th power residue mod q. Contradiction. Now suppose 1=2. Since -1 -p' < 0, we have
so a is odd. The above equations yield _i= -2A-a(a;)2modq, so 3 is a quadratic residue mod.?. Contradiction. (We also could have used the expression for -1 -p" to obtain -3 = -2a(-l)*(a")2 modp. Therefore, for / = 2 we only need a prime divisor of y for which at least one of 2 and 3 is a quadratic nonresidue.) Since (-1 -p) ¥= (a)1 for any / dividing n, it follows that the ideal class of / has order n, as desired. It is possible to use the above techniques with values of x other than -1 and obtain similar results. The following is a sample: x = 2. This yields the same value for y and the same result as above. This should not be surprising since p = -1 implies p" = 2, so the above congruences can be used with p" in place of p. x = 1. If n is odd we obtain the point (1, -1), which does not yield any information, since x-p = l-pisa unit. x = 3. Choose an integer y > 1 with (y, 7) = 1. The parameter m is given by m = (y" -19)/6. We also assume m e Z (so, for example, we could take y = 1 mod 6). In the notation of the proof of Proposition 3, we have p = 3, p' = -1/2, p" = 2/3 mod p. We need to show that the subgroup of units E' has index prime to n. This index is 1 if m2 A 3m A 9 is square-free. In other cases we can impose conditions as in Proposition 3. For example, it suffices to assume that for each / dividing n there is a divisor p of y with 3 an Ith power residue and 2 an Ith power nonresidue. We next need to show that (3 -p) + (a)1 for each prime / dividing n. If we assume, in addition to the above assumptions on 2 and 3, that for each such / the prime p has 7 as an /th power nonresidue and that there is also a prime q dividing y with 3 and 7 as Ith power residues and 2 a nonresidue, then it follows that (3 -p) # (a)'. We thus find, under these assumptions, that n divides the class number.
x = 4. We give a numerical example which shows how the above techniques can be modified. Let m = 256, so X3 A mX2 -(m + 3)X + 1 = 55. Since m2 A 3m+ 9 = 66313 = 13 • 5101 is square-free, the units are generated by {-l,p, p'}. We only need to show that (4 -p) + (a)5. But there is only one rational prime dividing 5 = y, so we cannot find primes p and q as before. Observe that
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use (the main point is that 311 = 1 mod 5, so there are 5th power nonresidues). We may therefore choose a prime p dividing 311 with p = 3, p' = -1/2, p" = 2/3 mod p. Suppose
Then, taking the three conjugates of this equation and then reducing modp, we obtain 1 = 3'2-*of, 9/2 = 2-"(2/3)/'jß5, 10/3 = (2/3)"3V-Straightforward calculations show that 2 and 3 are not 5th power residues mod 311
and that 3123 = 2 mod 311. Therefore 0 = a -123b mod 5 and 2 -123 = -123a + 122¿>mod5. These yield a = b = Omod5. But 10/3 is not a 5th power residue mod 311; so we have a contradiction. It follows that 5 divides the class number of the cyclic cubic field corresponding tom = 256. Note that the advantage of the present method is that we obtain three equations mod p instead of two, since we did not take p to be a divisor of x -p.
3. Elliptic Curves and the 2-Part of the Class Group. We now relate the 2-part of the class group of the simplest cubic fields to elliptic curves. This reinterprets and extends a method of Harvey Cohn for producing cyclic cubic fields of even class number.
Consider the elliptic curve E defined over Q by
For simplicity, we assume D = m2 + 3m + 9 is square-free.
The y'-invariant of E is 256D and the conductor is 16D2 if m is even, 8D2 if m = 1 mod4, and 4D2 if m = 3 mod 4. The real points of E are as in Figure 1 .
Note that the right-hand part E° of the real curve is the connected component of the identity and the sum of two points of E -E° lies in E°. Let E(Q) denote the group of rational points of E. Mordell's Theorem states that it is a finitely generated abelian group. Let rank(£(Q)) denote its rank over Z, and let III 2 denote the 2-torsion of the Tate-Shafarevich group (defined below).
Let C be the ideal class group of the cubic field K and C2={xeC|x2 = l}.
The 2-rank (rk2) will denote its dimension as a Z/2Z-vector space. The exact sequence follows from a standard argument involving a 2-descent. The middle term above is known to be related to C2 (see [2] , [6] ). The main point is that for the present family of curves it is exactly C2. We sketch the details. 
p") G (â:x)2. One defines A^p',0) and \Ap",0) similarly. Let 52, the Selmer group, be the subgroup of elements of KX/(KX)2 which are in the image of \p for all p (K embeds into K (p nonsplit) as usual, and into Q3 ( p split) via the three Galois conjugates). The Tate-Shafarevich group III 2 is defined by the exactness of the sequence 0 -£(Q)/2£(Q) -S2 -» m2 -> 0.
We first compute S2. Let a e Kx represent an element of S2, so a p. If p is not split in K, then a = (x -p)ß2 for some ß g Kp sind (x, y) g E(Qp). Since x -p, x -p', x -p" are Galois conjugates, they all have the same /?-adic valuation and their product is y2, so x -p has even valuation in Kp. Therefore a has even valuation in K . Now suppose p splits in K. Letting a', a" denote the conjugates of a over Q, we have
Im \p for all
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use for some /?, g Q^ and (x, y) G £(0^,). If x -p and x -p' or x -p" have positive valuation, then so does p -p' or p -p", hence p divides D = m2 A 3m A 9. Since D is assumed to be square-free, p ramifies by Proposition 1. Contradiction. If only x -p has positive valuation, it must be even. If x -p has negative valuation, so do x -p' and x -p", and all valuations are the same, hence even. Therefore, a must have even valuation at all primes, so the ideal (a) is the square of an ideal: (a) = I2. If / is principal, then a = eß2 for some ß G Kx and some unit e. But a G Im \x. Since x -p > x -p' > x -p" and the product is y2 > 0, we must have the signs of a, a', a" be +, +, + or +, -, -. Therefore e, e', e" also have these two possibilities for signs. Since p, p', p" have signs -, +, +, we find that either e or -pe is totally positive, hence a square. Therefore, if / is principal, either a or -pa is a square, so we have an exact sequence i-{i,-p}(/nV(Kx)2-s2-c2.
We now show that the last map is surjective. Suppose / is an ideal with I2 = (a) for some a g Kx. We may change a by a unit, if necessary, and assume it is totally positive. Then a mod (Kx)2 is clearly equal to \x(x, y) for any x > p" and suitable y. The following two lemmas will be useful for treating the finite primes.
Lemma. Let L be a number field in which 2 is inert and let a g L be relatively prime to 2. Then, L({a~)/L is unramified at the prime above 2 if and only if a is congruent to a square mod 4. This extension is unramified at the other finite primes of L if and only if the (fractional) ideal (a) is the square of an ideal of K. If K is totally real, then the extension is unramified at the infinite primes if and only if a is totally positive.
Proof. This is a well-known result. For a "proof see [13, Exercises 9.1-9.3].
Lemma. Let x g Kx be relatively prime to 2. Then there exists a unit e of K such that ex is congruent to a square mod 4.
Proof. Since 2 is inert in K/Q (see [10] ), there are 56 residue classes mod 4 relatively prime to 2. The units generate, modulo squares, the classes ±1, ±p, + (1 -p), ±(p -p2). The group of square residue classes mod4 may be calculated explicitly. For example, if m = 3 mod 4, then the nonzero squares mod 4 are 1, 3 + p + 3p2, p2, 1 + p + 2p2, p + p2, 1 + 2p + p2, 2 + 3p. It is found that there is only the trivial intersection with the above set of units. Therefore, the units times the squares yield all 56 residue classes. This proves the lemma.
By the first lemma, K({a~)/K is unramified at all primes, finite and infinite, except possibly at 2. By the second lemma, we can choose £ so that K({ea)/K is unramified at 2. This extension is also unramified at the other finite primes. Since the narrow and wide class numbers are equal, class field theory implies that the extension must be unramified at the infinite primes, so ea is totally positive. Since a is totally positive, so is e, hence e is a square. Therefore K(fcx)/K is unramified everywhere.
If p is inert in K/Q, then (p) is a principal prime ideal of K, so it splits completely in the unramified extension K(fa)/K, by class field theory. Therefore a G (Kx)2. In particular, a G ImXp.
If p ramifies in K/Q, then p3 = (p), where p is the prime above p. Therefore, the ideal class of p is of order 1 or 3, so p splits completely in an unramified extension of degree 2. Therefore a G (Kx)2 and a g Im X .
Finally, suppose p splits in K/Q. Then the 2-torsion points of £ are rational over Q^,, so E(Qp)/2E(Qp) contains (Z/2Z)2 (use the reduction mod/?), and it injects into (Q*/(Qx)2)3.
Since p does not divide D, only one of the x -p, x -p', x -p" can be divisible by p when embedded in Q^, and it must therefore have even valuation. (If p is in the denominator of x, then again it is easy to see we get even valuation.) Hence we can map into the group represented by units, (Zp/(ZX)2)3. If  (a, b, c) is in the image, we also have abc g (Zx)2, so this characterizes the image, since we have now restricted enough to get (Z/2Z)2. Since (a) = I2, (a, a',a") G (Q*/(Q*)2)3can be represented by an element of (ZX/(ZX)2)3. Also, (aa'a") = (Norm/)2, so aa'a" = en2 for some unit e and some n. Since a is assumed to be totally positive, so is e. Hence e is a square. It follows that aa'a" is a square, so (a,a',a") G ImÀ^. We have now shown that aelmÀ^ for all p, and hence the above map 52 -* C2 is surjective. Now consider the exact sequence should have even 2-rank. It follows then that £(Q)/2£(Q) has odd 2-rank, hence £(Q) has odd rank, at least under the assumption that III is finite. A result similar to that of the theorem, but phrased without elliptic curves, was proved by H. Cohn [4] . However, he worked only with integral points on £(Q) -£°(Q), hence he was unable to explain why the field generated by f(X) = X3 A 136A-2 -139* + 1 has even class number (h = 100), since there are no integral points other than (0, ± 1) on £(Q) -£°(Q). In the present setting we observe that (33/4, 745/8) is a rational point. Proposition 4 will show that this point is not in 2£(Q). It follows easily that £(Q) has rank at least 2, so the class number must be even.
However, it should be mentioned that Cohn actually worked with the number -p(x -p). This corresponds to the image of (0,1) + (x, y) under X. If (x, y) g £(Q) -£°(Q), then this point is in £°(Q), so in fact he was working on £°(Q).
4. Quartic Fields. We now derive a criterion for determining whether or not a point in £(Q) is in 2£(Q). A theorem of Heilbronn [7] states that if the class group C of the cyclic cubic field K has t elements of order exactly 2, then there are precisely t/3 sets of conjugate quartic fields with discriminant equal to that of K and whose Galois closures contain K. Shanks has pointed out that the "anti-resolvent" q(X) allows us to find such fields. Using the above proposition, we can make this more precise via the theory of elliptic curves.
Assume Dl2 = 0, so £°(Q)/2£(Q) = C2. Then every ideal class of order 2 comes from a point of £°(Q). Let / represent such a class, with I2 = (d -p) for some (d, e) g £(Q). The point (d, e) gives rise to the quartic polynomial q( X) above. As noted in the proof of Proposition 4, a root m of q( X) generates the same field as the coordinates (x0, y0) of some square root of (d, e). So if (d, e) = (dx, ex) mod 2£(Q), then the roots of the polynomials q(X) and qx(X) yield the same fields.
Let £ be the splitting field of q(X). Since £ contains the coordinates of all solutions of 2(x, y) = (d,e), it must contain the points of order 2, namely (0, p), (0, p'), (0, p"). So £2 K. If £= K, then q(X) is reducible. It cannot have an irreducible quadratic factor, since such a factor would not split in the cubic field K. Hence q(X) must have a linear factor, so (d,e) g 2£(Q) by Proposition 4. Now suppose F # K. Since f(X) is essentially the resolvent of q(X), the discriminants of / and q differ by a square. Therefore the discriminants of K sind si quartic field, call it K4, associated with q(X), differ by a square. But K is a cyclic cubic field, hence has square discriminant. So K4 and q(X) have square discriminants. Therefore Gal(£/Q) is a subgroup of A4. Since A4 has no subgroups of order 6, we must have Gal(£/Q) = A4.
We have shown that a point (d, e) G £(Q) -2E(Q) yields a quartic field whose Galois closure F contains K and has Galois group A4. But we also need to know whether or not the discriminant of the quartic field equals that of K. If L is any field containing K, there is an injection such that £ is the field obtained by adjoining the coordinates of all the square roots of any of these points, and these three points correspond to an orbit of Gsa(K/Q) in C2.
Suppose (x, y) g £(Q) is also such that the coordinates of {-(x, y) lie in F. It is easy to see that Ga\(F/K) acts on \(x, y) in the same way as on \(d, e), \(d',e'), or \(d",e")\ for definiteness, assume it is \(d, e). So (x, y) differs from (d, e) by an element of 2E(K). But, as shown above, the square root of an element of £(Q) is controlled by the fourth-degree polynomial q(X). It follows that if a rational point has a square root in E(K), then it has one in £(Q). Therefore (x, y) = (d,e) mod2£(Q), so £ corresponds to exactly three cosets of £°(Q)/2£(Q), hence to three elements of C2. This agrees with the t/3 of Heilbronn's result.
Now suppose (d,e) G £(Q) -£°(Q). Since d-p
is not totally positive, K(yjd -p)/K is ramified at an infinite prime (in fact, at two of them). As before, this extension is unramified at all finite primes not above 2. If it were also unramified at 2, then it would be unramified at all finite primes but ramified at an infinite prime, which is impossible, since the narrow and wide class numbers are equal. Therefore K(y]d -p )/K is ramified at 2. We can replace d-p by ß = g2(d -p), where g2 is the exact denominator of d. If 2 divided ß then, since {1, p, p2} is an integral basis for K, both g2d and g2 would be even. But then g2 would not be the exact denominator of d. So ß is prime to 2. Since K(/ß)/K is wildly ramified at 2, the relative discriminant is divisible by 4 [3, p. 21]. But Norm(2y//2 ) = -4ß, so the discriminant divides 4/5. Therefore it is exactly 4, which implies that the absolute discriminant of K(yfß) = K(^d -p ) is 64 times the square of the discriminant of K. It follows by a calculation with Artin L-functions, as in [7] , that Ç(s)Ç6(s) = Ç3(s)£4(s), hence Db = D3D4, where f,(i) and D, are the Dedekind zeta function and the discriminant of the field of degree / (for / = 4, the field is K4, generated by a root of q(X)). Therefore, the discriminant of the quartic field K4 is 64 times the discriminant of K.
Finally, suppose (d', e') g £(Q) -£°(Q) yields the same set of conjugate quartic fields as (d,e). If (d',e') # (d,e) mod2£(Q), then (d",e") = (d,e) A (d',e') g £°(Q) _ 2£(Q). Therefore K(\Jd" -p)/K is unramified, hence so is its Galois
Since the latter field is Galois over Q, we have K(-¡d" -p, -¡d" -p')c K(-dd -p, jd' -p ), hence they are equal, since both have degree 12 (from the above, K(]jd" -p)/Q cannot be Galois). But the first is unramified over K and the second is ramified at 2.
Contradiction. So (d', e') = (d, e) mod 2£(Q).
We summarize what we have proved in the following Note that these congruences do not hold for £(Q) -£°(Q): (-9,17) is a point on Y2 = X3 A UX2 -14* + 1.
We can now return to the polynomial q(X), which we defined in the discussion preceding the theorem. More precisely, we start with the polynomial f(X) = X3 A mX2 -(m + 3)X + 1 and a rational point (d,e) on Y2 = f(X). So A = (0,1), B = (2,5), and C = (6,23) are independent mod2£(Q); hence they are independent points of £(Q). Therefore £(Q) has rank at least 3. But the class number of AT is 4 (see [10] ), so Theorem 1 implies that £(Q) has rank exactly 3. The theorem now implies that K(^j2 -p, y/6 -p )/K is the Hubert class field of K. Another interesting example is obtained by taking m = 143. Then m2 A 3m A 9 is the prime 20887. The cubic field K has class number 64, so there is the possibility of a large rank for £(Q). We have the following rather long list of integral points By part (f) of the theorem, the corresponding quartic fields are nonconjugate. We note that it follows from Theorem 1 that III 2 = 0 in both the above examples. Instead of considering the curve £ defined by Y2 = f(X), we could also have considered Y2 = -f(-X).
We end up working with the same field, and the above analysis also works. But for some unexplained reason this curve does not work as well for obtaining information about the class group C2, since III 2 empirically tends to be nontrivial in this case. For example, for m = 11, a calculation with the L-series for the curve indicates that HI should have order 4, hence III 2 should have 2-rank 2. Since C2 has rank 2, none of the class group should come from the curve, in contrast to the above.
For many years, several people have tried to find quadratic fields with large 3-rank in the class group. A corresponding problem is to find cubic fields with large 2-rank. This problem may be attacked in the spirit of a paper of Mestre [8] . Let £ be the curve Y2 = X3 A mX2 -(m A 3)X A 1. Choose m so that £ mod p has a large number of points for all small p. This tends to yield curves with high rank; hence the corresponding cubic fields should have large 2-rank, as desired. For example, m = 11 is optimal for p = 2,3,7,11 and m = 143 is optimal for m = 2,3,5,11. The choice m = 27038 is optimal for p 4 23, p # 13. Mestre's bounds [8] indicate that the rank of this curve should be at most 7, hence the cubic field could have a class group whose 2-rank is 6. However, it does not seem easy to find rational points on this curve.
Finally, we remark that it is possible to look at Proposition 3 geometrically when n -> 3. This type of argument has been given by Mestre [9] in a slightly different situation.
